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The theoretical maximum time variation in the electronic charge permitted by the Gen-
eralized Second Law of Thermodynamics applied to black holes radiating and accreting
in the cosmic microwave background matches the measured cosmological variation in
the fine structure constant claimed by Webb et al.. Such black holes cannot respond
adiabatically to a varying fine structure constant.
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1. Introduction
Measurements1 of absorption in the spectra from distant quasars suggest that the
electromagnetic fine-structure constant – α = e2/~c where e is the electron charge,
~ is Planck’s constant and c is the speed of light – may be increasing as the Universe
ages, at least in astrophysical environments. These observations motivated Davies
et al.2 to apply the Second Law of Thermodynamics to black holes to derive the-
oretical limits on α variation. Ref. 2 and subsequent papers3–5 , however, applied
the Generalized Second Law7 (GSL) incorrectly by investigating the entropy change
with respect to ∆α, instead of a time interval ∆t > 0. Here we take as our starting
point that the net generalized entropy of the black hole system can not decrease
over any ∆t > 0, i.e. that ∆Stot = ∆Sbh +∆Senv ≥ 0 where ∆Sbh and ∆Senv are
the change in entropy of the black hole and of the ambient radiation and matter, re-
spectively. We ask the question does the GSL applied to a black hole in our present
Universe rule out a time variation in e corresponding to the α variation claimed
in the quasar measurements, i.e. de/dt ≈ 10−23e per second. Below we summarize
and update our detailed calculation of Ref. 6. The tightest constraints are derived
by considering a charged, non-rotating black hole. In the following we use standard
General Relativity and standard QED but extension to theories with additional
terms is straightforward. In Section 3 we also discuss adiabaticity.
2. The GSL applied to Black Holes in the Present Universe
The entropy8 of a black hole is Sbh = kc
3Abh/4~G where k is the Boltzmann con-
stant, G is the gravitational constant and Abh = 4piG
2
(
M +
√
M2 −Q2/G
)2
/c4
is the area of a non-rotating black hole of mass M and charge Q. Thus dSbh/dt =
kc3 (∂Abh/∂t+ ∂Abh/∂e de/dt) /4~G where the first term accounts for black hole
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accretion and emission and the second term accounts for the cosmological variation
in e. For quantized charge, ∂Q/∂e = Q/e.
In Case I, Tbh > Tenv where Tbh = 2~G
√
M2 −Q2/G/kcAbh is the black hole
temperature8 and Tenv is the ambient temperature, there is a net radiation loss
from the black hole into the environment. If Tbh . me (Case IA), the black hole
can not discharge via Hawking radiation but looses mass via Hawking radiation at
a rate9 dMH/dt ≈ ~c
4β/G2M2 where β ≈ 3× 10−4, so
dSbh
dt
=
2pikG
~c
[
1 +
√
1−
Q2
GM2
−1]{(
M +
√
M2 −
Q2
G
)
dMH
dt
−
Q
G
∂Q
∂e
de
dt
}
,
(1)
Page has shown10 that in this regime Senv increases by about 1.62 times the Sbh
decrease due to Hawking radiation. Thus the GSL would be violated when the first
term in Eq. (1) is of order the second term, i.e. when Q reaches
Q1≈2 ≈
{
~c4β
GM (e−1de/dt)
}1/2(
2−
~c4β
G2M3 (e−1de/dt)
)1/2
. (2)
Can Q = Q1≈2 be achieved? If de/dt ≈ 10
−23e per second, then Q1≈2 . Qmax =
G1/2M , the maximal possible black hole charge, for M & 1.8× 1016 g. However, if
Q & Qpp ≈ G
2m2eM
2/~ce, the black hole will quickly discharge9,11,12 by superradi-
ant13 Schwinger-type14 e+e− pair-production in the electrostatic field surrounding
the hole. Thus superradiant discharge will prevent the black hole charge reaching
Q1≈2 provided that M . Mpp ∼ 5 × 10
25 g for de/dt ≈ 10−23e per second. Re-
markably, the mass of a black hole whose temperature is the cosmic microwave
background temperature is Mcmb ≈ 4.5× 10
25 g: is this just a coincidence?
If Tbh & me (Case IB), the black hole can discharge via Hawking emission
and similarly6 the entropy increase due to Hawking emission and/or superradiant
discharge dominates the entropy decrease due to de/dt ≈ 10−23e per second.
In Case II, Tbh < Tenv, there is a net accretion of matter and radiation into the
black hole from the environment. A cold black hole in a warm thermal bath will
thermally accrete mass at a rate dM/dt = ~c4βenvM
2/G2M4env where
9 βenv ∼ 10
−4
andMenv is the mass of a black hole whose temperature is the ambient temperature.
Thus ∆Stot ≥ 0 provided Q < Q
′
1≈2 where
Q′1≈2 ≈
{
~c4βenv (M/Menv)
3
GMenv (e−1de/dt)
}1/2(
2−
~c4βenv
G2MenvM2 (e−1de/dt)
)1/2
. (3)
If de/dt ≈ 10−23e per second, then Q′1≈2 . Qmax if M . 10
54 g and Q′1≈2 . Qpp if
M & 1024 g. Can a 1024 g . M . 1054 g black hole achieve Q ≈ Q′1≈2 and so violate
the GSL? Two arguments can be used to avoid it. Firstly, a charged black hole
will accrete opposite charge fast enough to avoid reaching Q ≈ Q′1≈2. If ηe+ is the
number fraction of positrons in the background, a negatively charged black hole can
discharge by positron accretion at a rate |dQ/dt|e+ ≈ 10
−3ηe+c
3eT 3envM
2/GM3env.
This will be faster than (|Q|/e)de/dt even when Q ≈ Q′1≈2 provided ηe+ & 5×10
−
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for de/dt ≈ 10−23e per second. This condition is met by the positron (and electron)
distribution in the present Universe. Secondly11 , a Q > Qacc ∼ 5 × 10
−22Qmax
black hole can only gravitationally accrete a like-charged particle if the particle is
projected at it with initial velocity and is more likely to lose net charge by accreting a
particle of opposite charge; this applies here because Q′1≈2 >> Qacc forM & 10
24 g.
Combining Cases IA, IB and II, the GSL is not violated by black holes in the
present Universe if e is increasing at the rate indicated by the quasar measurements.
Because in standard QED e depends on the energy scale of the interaction, theMcmb
coincidence we undercovered in Case IA suggests that the measured variation may
arise from a coupling between e and the cosmic microwave background.
3. Do Black Holes Respond Adiabatically to Varying Alpha?
The entropy of a black hole of generalM and Q in the cosmic microwave background
cannot be an adiabatic invariant as α increases because the black hole cannot15 be
in stable equilibrium with its environment and because Hawking emission, thermal
accretion and Schwinger-type discharge – all of which depend on α – are fundamen-
tally irreversible processes. Previous papers4,5 investigating black hole adiabaticity
with varying α omitted these processes, derived their main results by taking deriva-
tives with respect to α instead of time, and were based on speculative extension
models (dilation black holes; quantization of Sbh (and hence α)). If α is varying,
there must be a mechanism by which it varies, either in standard QED or in an
extension model. If the α variation arises from new physics beyond the Standard
Model, the relevant additional terms should be incorporated into the black hole
definitions and Senv and the GSL used to derive limits on α variation as above.
16
Because our strongest constraint in Section 2 comes from highly-chargedMcmb black
holes whose size is much greater than atomic lengths, new physics could only modify
our calculation if it introduces terms which are significant on large scales.
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